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31 chemin Joseph-Aiguier 13402 Marseille cedex 20, France.

sanchez@lma.cnrs-mrs.fr

ABSTRACT

This study deals with the bearing and the range estimation
for buried objects problem. We propose a new method that
combines the array processing approaches with an accurate
acoustical modeling for the buried objects localization prob-
lem in the underwater acoustics environment. This method
incorporates the exact solution for the scattered field (instead
of using the plane wave model) in the MUSIC method, uses
the focusing operator to decorrelate the signals and estimates
both the range and the bearing objects. Finally, the per-
formances of the proposed method are validated on experi-
mental data recorded during an underwater acoustics experi-
ments.

1. INTRODUCTION

MUSIC method is widely used in underwater acoustics for
objects (sources) bearing estimation. It is based on the as-
sumption that the wave front model in known and usually
the considered objects are far from the array. Consequently,
plane wavefront approximation is possible [6]. In many ap-
plications, where this assumption is not valid, the objects lo-
calization needs both, bearing and range estimation.
Many techniques addressed to estimate both the range and
the bearing of objects using Matched Field Processing ap-
plied to the narrow-band signals [7], high-order subspace [5],
genetic algorithm [4], geoacoustic inversion methods [1], and
so on. Some of these techniques do not take into account the
interactions between objects, or they are applied only for nar-
row band signals, and the others are validated only on sim-
ulated data. In our study, we have developed a method that
solves the objects localization problem for wide-band cor-
related signals in the underwater acoustics domain and ex-
perimental data are used to validate its performances. This
method is based on the incorporation of the exact solution of
the scattered field by an elastic cylindrical shell, in the MU-
SIC method and uses the focusing operator to decorrelate the
signals. The objects structures are assumed known.
We begin this study with a summary of the MUSIC method,
presented in section 2. A modified MUSIC method, for
narrow-band and wide-band signals, is developed, respec-
tively, in section 3 and 4. The developed method is validated
on experimental data. The experimental set up is described
in section 5 and the obtained results are shown and discussed
in section 6. The conclusion is outlined in section 7.

2. LOCALIZATION WITH THE MUSIC METHOD

Consider K objects observed by a linear array of N sensors.
The output signal of the nth sensor can be described by

rn(t) =
K

∑
k=1

sk(t− τn,k)+bn(t), n = 1,2, ...,N, (1)

where sk(t) is the signal associated with the kth wavefront
(k = 1,2, ...,K), τn,k is the delay associated with the signal
propagation time from the kth object to the nth sensor and
bn(t) is the additive noise at the nth sensor. The noise is as-
sumed to be uncorrelated with the signals, uncorrelated from
sensor to sensor, and to have variance σ2. We assume that
each sensor have a unit gain.
When the object is in the far-field region of the array, the
wavefront can be assumed to be plane and MUSIC method
allows us to estimate the bearing of this plane wave asso-
ciated to this object. The spatial spectrum of the MUSIC
method is given by

pMUSIC(θ) =
1

a(θ)+VbV
+
ba(θ)

, (2)

where the superscript ”(.)+” represents the Hermitian trans-

pose and a(θ) =
[
1, e−2 jπ f d sinθ

c , ... , e−2 jπ f (N−1) d sinθ
c

]T
is

the plane wave direction vector, the superscript ”[.]T ” repre-
sents the transpose, Vb is the eigenvectors associated to the
noise subspace, c is the sound speed in the medium, d is the
interspacing of the sensors, f is the signal frequency and j is
the complex operator.

3. BEARING AND RANGE ESTIMATION FOR
NARROW-BAND SOURCES

In this section, the bearing and range estimation problem is
solved for narrow-band signals with the assumption that the
objects are in a free space. These objects have all a cylindri-
cal shell.

3.1 Exact solution
Consider an infinite elastic cylinder of outer radius a, inner
radius b, in a free space, located at (r1,θ1) the range and the
bearing object respectively, associated to the first sensor of



the array (figure 1). The two fluids outside and inside the
shell are labeled by 1 and 3, respectively, sound velocities
c1,3, the wavenumbers k1,3. Suppose that the incident field is
a plane wave with an angle θinc. In order to calculate the ex-
act solution for the scattered field ps(r1,θ1) a decomposition
of the different fields is used, according to the Bessel (Jm,
Nm) and Hankel (Hm) functions [2]. We adopt cylindrical co-
ordinates.
In medium 1, the pressure is taken as p = pi + ps, with a
given incident plane-wave pressure

pi = p0

∞

∑
m=0

jm
εmJm(k1r1)cos(mθr1), (3)

where θr1 = θ1−θinc , p0 a constant
and a scattered pressure

ps = p0

∞

∑
m=0

imεmbmH(1)
m (k1r1)cos(mθr1), (4)

we use ε0 = 1,ε1 = ε2 = ... = 2, bm, ...,gm are coefficients
and m is the number of modes. The time dependent term
e(− j2π f t) has been assumed for each field variable.
In medium 2, the displacement vector u is written as

u =−∇ψ +∇×A, (5)

where ψ is the scalar potential and A is the vector potential.
The solutions are written

ψ = p0

∞

∑
m=0

jm
εm[cmJm(klr1)+dmNm(klr1)]cos(mθr1), (6)

A = p0

∞

∑
m=0

jm
εm[emJm(ktr1)+ fmNm(ktr1)]cos(mθr1), (7)

where kt and kl are respectively the transversal and the lon-
gitudinal wavenumber. .
In medium 3, one has again a compressional wave, which
must be regular at the origin:

pz = p0

∞

∑
m=0

jm
εmgmJm(k3r1)cos(mθr1). (8)

Both at r1 = a and r1 = b, the following boundary conditions
have to be satisfied:
• the pressure in the fluid equals the normal component of

stress in the solid,
• the normal component of displacement is continuous,
• the tangential component of shearing stress are zero.

Using these boundary conditions, coefficients bm, ...,gm can
be calculated [2].

3.2 The modified MUSIC for narrow-band sources
The scattered field model, developed in the previous subsec-
tion, is incorporated in the MUSIC method instead of the
plane wave model. The spatial spectrum of the modified MU-
SIC method is given by

pMUSICnb(r,θ) =
1

ps(r,θ)+VbVb
+ps(r,θ)

, (9)

where ps(r,θ) = [ps(r1,θ1), ps(r2,θ2), ... , ps(rN ,θN)]T ,
represents the direction vector and ps(rn,θn) is the scattered
field associated to the nth sensor. We have used the general
pythagore theorem to calculate the couple (rn,θn) associated
to the nth sensor as shown in figure 1. The obtained rn,θn
are given by

rn =
√

r2
n−1−d2−2rn−1d cos(

π

2
+θn−1) (10)

θn = cos−1[
d2 + r2

n − r2
n−1

2rn−1d
], n = 2, ...,N. (11)

Equations (10) and (11) are incorporated in equation (4) to
obtain ps(rn,θn).

Figure 1: Range and bearing object associated to each sensor.

4. BEARING AND RANGE ESTIMATION FOR
WIDE-BAND SOURCES

In the previous section, the modified MUSIC method has
been developed for a narrow-band signals. In this section,
wide-band signals are considered. We propose to apply the
bilinear focusing operator [9] technique which divides the
frequency band into L narrow-bands. This technique trans-
forms the received signals in the L bands into the focusing
frequency f0 and consequently decorrelates the signals [10].
Here, f0 is the center frequency of the spectrum of the re-
ceived signal and it is chosen as the focusing frequency.
The following is the step-by-step description of the tech-
nique:
1. using an ordinary beamformer to find an initial estimate

of r, θ and the number of objects K,
2. filling the directional matrix P̂s( fl) =

[ps1(r,θ , fl), ps2(r,θ , fl), ... , psK(r,θ , fl)], where
each component of the directional vector psk(r,θ),
associated to the kth objects, is filled using equation (4),

3. estimating the spectral matrix output sensors data Γ( fl)
at frequency fl ,

4. calculating sources spectral matrix at frequency fl using:

Γs( fl) = (P̂+
s ( fl)P̂s( fl))−1P̂+

s ( fl)

[Γ( fl)− σ̂
2( fl)I]P̂s( fl)

(P̂+
s ( fl)P̂s( fl))−1, (12)

where, I is the identity matrix and σ̂2 the estimated noise
variance.



5. calculating the average of the spectral matrices associated
to the objects:

Γs( f0) =
1
L

L

∑
l=1

Γs( fl), 1 ≤ l ≤ L (13)

6. calculating Γ̂( f0) = P̂s( f0)Γs( f0)P̂+
s ( f0)

and Γ̂( fl) = Γ( fl)− σ̂2( fl)I,
then, the noise variance is estimated by :

σ̂
2( fl) =

1
N−K

N

∑
i=K+1

λi( fl), (14)

where λi( fl) is the ith eigenvalue of Γ( fl),
7. estimating the bilinear focusing operator:

T( f0, fl) = V( f0)V+( fl), (15)

where V( f0) and V( fl) are the eigenvector matrices of
Γ( f0) and Γ( fl), respectively,

8. calculating the focused spectral matrix:

Γ̂( f0) =
1
L

L

∑
l=1

T( f0, fl)Γ( fl)T+( f0, fl), (16)

9. using a detection method (AIC or MDL) to find the true
number of sources [8].

The modified spatial spectrum of MUSIC method for wide-
band correlated signals is given by

pMUSICwb(r,θ) =
1

ps(r,θ , f0)+Vb0Vb0
+ps(r,θ , f0)

, (17)

where Vb0 is the eigenvector matrices of Γ̂( f0) associated
to the noise subspace.

5. EXPERIMENTAL SET UP

5.1 Experimental methods
Time domain measurements in an experimental water tank
have been used in order to evaluate the performances of the
developed method. The experimental set up is shown in fig-
ure 2 where all the dimensions are given in meter. The bot-
tom of the tank is full of fine and homogeneous sand where
are buried six cylindrical shells, between 0 and 0.005 m,
of different dimensions (table 1). We have done six exper-

1st couple 2nd couple 3rd couple
inner radius a (m) 0.01 0.018 0.02

Filled of air water air
Separated by (m) 0.13 0.16 0.06

Table 1: characteristics of the various cylinders (the inner radius
b = a−0.001 m)

iments. The transmitter is fixed at an incident angle 60 ˚ and
the receiver moves horizontally from the initial to the final
position with a step size d = 0.002 m. The distance, between
the transmitter, the RR’ axis and the receiver, remains the
same for all the experiments. For the three first experiments,
we have fixed the receiver axis at 0.2 m from the bottom of
the tank and the RR′ axis is positioned on the 1st , the 2nd and
the 3rd cylinders couple. For the three last experiments, the
receiver axis is fixed at 0.4 m and we have repeated the same
experiments as in the first time.

Figure 2: Experimental set up

5.2 Experimental data
Typical sensor output signals corresponding to one experi-
ment are shown in figure 3. Sensor output signal in time and
frequency domain are presented in figure 4. The frequency
Band is [ f min = 150, f max = 250] kHz, the center frequency
is f0 = 200 kHz and the sampling rate is 2 MHz.

Figure 3: Observed sensor output signals

5.3 Results and discussion
The considered cylinders are buried under the sand which
has geoacoustic characteristics near to those of water. Then,
we can make the assumption that the cylinders are in a free
space. The seven steps, listed above, are applied on each ex-
perimental data. A sweeping on r and θ have been applied
([0.2,1.5] m for r and [−90 ˚ ,90 ˚ ] for θ ). The obtained spa-
tial spectrum of the modified MUSIC method are shown in
figures 5, 6 and 7. For each experiment, only one cylinders
couple is radiated by the transmitter.
Table 2 gives the real and the estimated range and bearing
values obtained with the modified MUSIC method. The in-
dexes 1 and 2 in table 2are the 1st and the 2nd cylinder of each
couple of cylinders. Note that, the difference between the es-
timated value (r1,2est ,θ1,2est ) and the real value (r1,2re,θ1,2re)
is very small and only two cylinders that have not been de-
tected in Exp.4 and Exp.6, because, the received echo, asso-
ciated to these cylinders, is rather weak.



(a) (b)

Figure 4: Typical sensor output signal from the experiment. (a)
Time signal. (b) Frequency signal

(a) (b)

Figure 5: Spectrum of the modified MUSIC method associated
to the first cylinders couple. (a) The receiver is at 0.2 m from the
bottom (Exp.1). (b) The receiver is at 0.4 m from the bottom (Exp.4)

(a) (b)

Figure 6: Spectrum of the modified MUSIC method associated
to the second cylinders couple. (a) The receiver is at 0.2 m from
the bottom (Exp.2). (b) The receiver is at 0.4 m from the bottom
(Exp.5)

(a) (b)

Figure 7: Spectrum of the modified MUSIC method associated
to the third cylinders couple. (a) The receiver is at 0.2 m from the
bottom (Exp.3). (b) The receiver is at 0.4 m from the bottom (Exp.6)

6. SUMMARY AND CONCLUSION

The array processing approaches, as the MUSIC method
and the focusing operator, are combined with the exact

Exp.1 Exp.4 Exp.2 Exp.5 Exp.3 Exp.6
r1re(m) 0.24 0.65 0.26 1.24 0.26 0.65
θ1re( ˚ ) −25 −50 −34 −70 −34 −50
r1est (m) 0.25 0.63 0.29 1.21 0.28 0.63
θ1est ( ˚ ) −23 −52 −33 −70 −32 −52
r2re(m) 0.22 0.56 0.24 1.17 0.22 0.64
θ2re( ˚ ) 8 −41 −22 −69 4 −49
r2est (m) 0.25 − 0.25 1.2 0.23 −
θ2est ( ˚ ) 9 − −20 −65 6 −

Table 2: (r,θ ) real (re) and estimated (est) values with the modified
MUSIC method (negative θ is clockwise from the vertical)

solution of the scattered field in order to estimate both the
range and the bearing objects. The performances of this
method are investigated through real data associated to many
cylinders buried under the sand. The proposed method is
superior in terms of performance to the conventional method
when the objects are in the far field and even in the near
field. The range and the bearing objects are estimated with a
significantly good accuracy due to the free space assumption.
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