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ABSTRACT

Imagecaptureandimagedisplaywill mostlikely be decou-
pledin future 3ADTV systemsFor thisreasonaswell asthe
needto corvertabstractepresentation® displaydriver sig-
nals,andtheneedto explicitly considediffractionandprop-
agationeffects, it is expectedthat signal processingssues
will play a fundamentakole in achieving 3DTV operation.
Sincediffractionbetweertwo parallelplaness equialentto
a 2D linear shift-invariantsystem varioussignalprocessing
techniquegplay animportantrole. Diffractionbetweertilted
planescan also be modeledas a relatively simple system,
leadingto efficient discretecomputationsTwo fundamental
problemsaredigital computatiorof the opticalfield dueto a
3D object,andfinding the driver signalsfor a given optical
devicesoasto generat¢hedesiredopticalfield in spaceThe
discretizationof optical signalsleadsto several interesting
issuesfor example,it is possibleto violate the Nyquistrate
while sampling,but still maintainfull reconstruction.The
fractionalFouriertransformis anothersignalprocessingool
whichfindsapplicationin opticalwave propagation.

1. INTRODUCTION

Regardlesof the algorithmic, representationafndtechno-
logical choicesmadefor the acquisition,transmissionand
display of three-dimensiona(3D) visual signals, optics is

expectedo play amoreimportantrole in holographicthree-
dimensionatelevision (3DTV), thanit doesin corventional
display technologiessuch as cathoderay tubesand liquid

crystaldisplaysor cinematicprojection. This is becausehe
creationof a three-dimensionalmage,or theillusion of it,

dependsn the manipulationof light for the purposeof syn-
thesizingdesiredspatiallight distributions. The analyseof

the underlying processewill almostcertainly involve ex-

plicit consideratiorof diffractionandrelatedphenomena.

The image captureand image display stepswill most
likely be decoupledn future 3DTV systems:The captured
3D sceneandobjectwill be storedin corvenientforms,and
thenthevieweratthedisplay-endwill accessheabstracBD
informationin an interactive fashion,with the abstractdata
beingcorvertedto signalsthatwill drivethehigh-qualitydis-
play.

Therefore,dueto this decoupledapproachandthe need
to corvert abstractrepresentation® driver signals,aswell
asthe needto explicitly considerdiffraction and propaga-
tion effects, it is expectedthat signalprocessingssueswill
play a fundamentatole in achieving 3DTV operation.The
purposeof this paperis to identify someof the key signal
processingssuesin holographic3DTV. The formulation of
diffractionphenomenaforward andthe inverseproblemsin
holographic3DTV, discretizationissuesandthe useof the

fractional Fourier transformas a tool for analyzingoptical
phenomenarethe maintopicscoveredin this paper

2. REVIEW OF DIFFRACTION FROM A SYSTEMS
POINT OF VIEW

It is well known thatscalammonochromatidiffractionin ho-
mogeneousnediacanbe exactly represente@dsan all-pass
linear shift-invariant(LSI) system[1]. Basedon the plane-
wave decompositiorof optical propagatioronecanwrite
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where (x,y,2) is the 3D coherentoptical field, and
L[JZDZ(X,y) is its 2D crosssectionat z= Z. Therefore,

lIJZDZ (x,y) is thediffractionpatternover aplanar2D surface,

dueto anobjecttranspareng maska(x,y) locatedat z= 0.
A(ky,ky) is the Fourier transformof a(x,y). kx andky are
the spatialfrequenciesalong the x andy axesrespectiely.
The monochromatidight wavelengthis A andk = 27m7/A.
Therefore,the transferfunction of the 2D LSI systemis
exp [jZ(k? — k2 —k2)1/2], for k2 +kZ < k2. Surprisingly it
is very unlikely to seethe inverseFourier transformof this
functionin texts or tables.However, it is provenby Sherman
[2] that the inverseFourier transform(i.e., the impulsere-
sponseof the systemrepresentinghe diffraction of light) is
thekernelof thewell-known Rayleigh-Sommerfeldolution
[1]. For distanceswhich are large comparedto the wave-
lengththe impulseresponseeducedo the kernelrelatedto
the sphericalpropagatiorof light out of a point source:
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whichis known asthe Rayleigh-Sommerfeldiffractionfor-
mula[1].

Underthe paraxialapproximation(i.e., if the anglebe-
tweenthez-axis,andtheline connectingapointof intereston
the diffractionplaneto anactive point on the objectmaskis
small)theimpulseresponsendthe associatetransferfunc-
tionshecomd1]:
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The paraxialapproximatiorabove is alsoknown asthe Fres-
nel or Huygens-Fresnalpproximation.The Fresnelapprox-
imation representedy the corvolution of a(x,y) with the
impulseresponseagiven above, canbe easily corvertedto a
single Fourier transformwith pre-and post-multiplications
by quadratigphasefunctions:
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wherethe constantsarecombinednto the new constant.

At very large distancegsmall objects),further approxi-
mationyields the Fourier diffraction patternasa quadratic-
phasemodulatedby the Fouriertransformof the object[1]:

Ufzoz(an):
exp[J%(Ezmz / a(¢,n) 6)

exp[ (XE+yn)}dEdn

The pastdecadehaswitnesseda recognitionof the re-
lationship betweenoptical propagationand the fractional
Fourier transform(FRT) [3]. The FRT f(x) of f(x) is de-
finedas
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whereAan/2 is afactordependingon a whoseexactform is

not of importancehere. The key resultis thatrelatingfree-

spacepropagatiorin the Fresnelapproximation(the Fresnel
integral or the Fresneltransform),to the fractional Fourier
transform[4, 5, 6, 7]. Extensionsof this result relate ar-

bitrary linear canonicaltransformsto the fractional Fourier
transform; for instance[8]. Linear canonicaltransforms
are a three-parametefamily of integral transformswhich

arealsoknown asquadratic-phaseystems. This family of

transformancludesthe Fourierandfractional Fouriertrans-
forms, simple scalingincluding the identity and parity op-

erations(correspondingo imagingin optics), chirp multi-

plication and corvolution operationgcorrespondindo pas-
sagethrougha thin lens and free-spaceropagationin the
Fresnelapproximationrespectiely), and hyperbolictrans-
forms as specialcaseq9, 10. Sinceoptical systemscon-
sisting of arbitrary concatenationsf lensesand sectionof

free spacecanbe modeledaslinear canonicaltransformsijt

follows that propagatiornthrough such systems,as well as
free-spaceropagatiorcanbe viewed asanact of continual
fractional transformation. The wave field evolvesthrough
fractionalFouriertransformsof increasingorderasit propa-
gateshroughfree spaceor the multi-lenssystem.

Restricting ourseles to one-dimensionahotation for
simplicity, the outputg(x) of a quadratic-phassystemis re-
latedto its input f (x) through
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wherea, 3, y arethe threeparametersf the system.When
all threeof theseparametergquall/A Z, this expressiorre-

ducegotheFresneintegral (within aninconsequentigthase
factor). Thesamerelationshipcanalsobewrittenin termsof

analternatesetof parameters, M, R asfollows:
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wheres is an arbitrary scalefactor This relationshipmaps
a function s~1/2f(x/s) to exp(imx®/AR)+/1/sM fa(x/sM).
Thatis, g(x) is essentiallythe ath order fractional Fourier
transformof s~1/2f(x/s), scaledby M, andmultiplied by a
residualquadratic-phastactor In opticsscalingcorresponds
to magnificationof the distribution of light in thetrans\erse
direction. The existenceof the quadratic-phastactormeans
thatthemagnifiedfractionalFouriertransformis obsenedon
a sphericalreferencesurface,ratherthanon a plane. Com-
paringEqgs.8 and9, we canrelatethe two setsof parameters
asfollows:
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Theseequationsallow us to switch betweenthe two sets
of parametersand thus interpretarny quadratic-phasénte-
gral andthus the wide classof optical systemshey repre-
sentas fractional Fourier transforms. Sincethe FRT hasa
much broadersetof propertiesmirroring thoseof the ordi-
naryFouriertransformandis geometricallyandnumerically
much betterbehaed, formulating the propagationof light
throughoptical systemsn termsof the FRT hasseveral ad-
vantagesAs aspecialcasewhena = 3 = y=1/AZ corre-
spondingo ordinaryfree-spacgropagationye have
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To summarizethe expressiorfor scalardiffraction,and
its Fresneland Fourier approximationsthe former possibly
expresse@safractionalFouriertransform areof fundamen-
tal importanceandarekey relationshipsvhosemanipulation
and computationare of importancefor the synthesisand/or
reconstructiorof 3D light fields. Varioussignal processing



techniquedor the simulationof diffraction are essentiako
thisend.

Thesdssuedecomearticularlyimportantwhenonede-
viatesfrom standardproblems. For instance,considerthe
more difficult problemof diffraction betweenplanestilted
with respectto eachother, insteadof being parallel asfor-
mulatedabove [11, 12]. Using the planewave decomposi-
tion approacHor scalaropticalwaves,we canform superpo-
sitionsin 3D spacefor monochromatiavaves. Intersecting
sucha 3D patternby two tilted planeswe obsene thateach
3D planewave componenyieldsa 2D frequeny component
overoneof the planeswherethe correspondingatternover
the other (not necessarilyparallel) planehasa differentfre-
gueng dueto thetilt. It is theneasyto computethe corre-
spondingamplitude,frequeng, and phasecomponentpairs
over the two planesof interest. To do so, we startwith the
representationf the coordinate®f the obsenation (diffrac-
tion) planeas

x¥ =Rx+b (16)

whereR is a 3D rotationmatrix, b is the 3D translationvec-
tor in spaceandx is the coordinatevector[x y z]™. There-
fore, thedesireddiffraction patterncanbefoundas
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where .Z representghe 2D Fourier transform,and its ar
rowed subscriptsdenotethe variablesof the pre- and post-
Fourier transformdomains. The function H (k’,R,b) pro-
videsthekernelof thecorrespondingystemyepresentedy

H(K,R,b) = & (RTb), (18)
Furthermorethe two 2D frequeny vectors(kx,ky), (K, k)

atthe objectandthe obsenationplanesrespectiely, arere-
latedby k = RK'.

3. FORWARD AND INVERSE PROBLEMSIN
HOLOGRAPHIC 3DTV

The two fundamentalproblemsin holographic3DTV are
whatwe will referto asthe forward and the inverseprob-
lems.

Theforward problemis thecomputatiorof thelight field
distribution which arisesover the entire 3D space givenan
abstrac3D structurewith specifiedshapeandtexture. This
is thelight field which we will desireto createatthedisplay
end, but in orderto do so, we mustfirst computewhat it
is. Thisis a considerablymore difficult problemcompared
to the classicaltextbook problemsoutlinedin the previous
section,becausehe 3D structureis not a simple plane,but
consistsof a complex structureof opaqueor transparenor
semi-transparerdurfaces.

Oncethis field is determined physical deviceswill be
usedto createthis field at the display end, which will then
propagatein 3D spacebeforereachingthe viewer. These
physicaldevicesimposemary constraintsasa consequence
of their particularcharacteristicandlimitations. Therefore,
the 3D light distribution we are ableto generatehesede-
vicesmight notbeableto exactly matchthe desired3D field

computedby solving the forward problemoutlined above.
Furthermoretherelationshipbetweertheelectronicor other
forms of driving signalsof thesedevices, to the generated
3D light field may not be straightforward. Therefore given
aphysicaldevice, like a specificspatiallight modulator13],
or anacousto-opti@lement14], finding the driving signals
to getthe bestapproximationto the given desired3D light
field is anintriguing andchallengingnverseproblem.

4. SAMPLING ISSUESIN DIFFRACTION

Discretizationand subsequentjuantizationare unavoidable
in digital computationswvithin the contet of the forward or
the inverseproblemsoutlined above. Furthermore digital
versionsof the systemsdiscussedn Section2 requiredis-
cretizationof the patternsandthe presentedkernels.Dueto
thespecificnatureof thesediffractionkernels naive attempts
at discretizatiorwill usuallynot leadto satishctoryresults.
It is of paramountmportanceo understandhe exacteffects
of samplingon thesespecialtypesof systemsandtheir inter-
pretation.Thisallowsmuchmoreefficientsamplingschemes
than naive approachedasedon straightforward application
of Nyquist-Shannorstheoremwould achieve. We discussa
numberof relatedissuesn whatfollows.

Looking backto the exact scalardiffraction expression
given by Eg. 1, we seethat the transferfunction is band-
limited to a circle. However, the Fresneldiffraction kernel,
givenby Eq.4, is neitherbandnor spacdimited. Despitethe
tendeng to directly apply standardNyquist-Shannorsam-
pling theory asshown in [15] [16], employing band-limited
samplingand associateginc interpolationfor suchexpres-
sionsresultsin unnecessarand extremely redundantsam-
pling rates. Instead,using the conceptof a-Fresnellimit-
ednesswhich fits naturallyto mostdiffraction casesunder
the Fresnelapproximationthe samplingratescanbe signif-
icantly reducedbelow the Nyquist rate, but still yields per
fect reconstructiorof the underlyinganalogfunctions. For
example,it is showvn in [15] that sucha samplinggenerates
modulatedandshiftedreplicasof the original space-limited
objectas

Yr(x) = Y o f(x— ;\—;Uk) exp(jk'U'x),  (19)
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wherec, is the indexed setof relatedcoeficients, andthe
periodicitymatrix U is relatedto the samplingmatrix, V by
U = 2nv~". Bold facevectorsx, andk are the vectors,
[x y]" and [k« k,]T, respectiely. Therefore,full recosery
is still possibleevenif the Nyquist criteria is severely vio-
lated by simply windowing the desiredspace-limitecobject
by leaving thereplicasout.

Applying the sub-Nyquistsamplingto the exactdiffrac-
tion expressiorgivenin Eq. 1 revealsveryinterestingesults:
the modulatedand shifted replicasof the sub-Nyquistsam-
pled Fresneldiffraction now getdispersedandthis disper
sionmayresultin afavorablesituationduringreconstruction
by naturallyreducingthe visibility of thereplicas.lIt is easy
to understandhis effectif we obsene thatthediscretesam-
pling function p(x,y) at the diffraction planecanbe written
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throughits inverseFourier transform,where[ky m kym]T =
2nV~-Tm. But this can be interpretedas the 2D cross
section, at the diffraction plane, of a bunch of superposed
discrete-directior8D planewaves. Therefore this sampling
operationcan be interpretedas the parallel reconstruction
from the diffraction pattern,by a numberof "illuminating”
planewaveseachpropagatingat a differentdirection,where
thesuperpositiofiormsthesamplinggrid right atthediffrac-
tion plane. One of thosereconstructiongorrespondso the
"desired’reconstructionwherea®othersgive thereconstruc-
tion by higherdiffraction orders.Eventhoughthosediffrac-
tion ordersgeneratethe shifted-modulatedeplicasof the
original objectfor the Fresnelcase(Eq. 19), they yield dis-
persedeplicaswhenthe exactformulationis used.

Yet anotherinterestingsampling relatedresult is pre-
sentedin [17]: it is shovn that for some periodic input
patternsthe exact continuous Fresneldiffraction patternat
givendistancesanbe computedby discretesignalprocess-
ing techniquegDFT).

ThefractionalFouriertransformformulationprovidesan
integral approachto handlingthe samplingissue. Refer
ring to Eq. 7, we againobsene that naive applicationof the
Nyquist-Shannompproachmayrequirevery largesampling
ratesdueto the highly oscillatorynatureof thekernel. How-
ever, by carefulconsideratiorof samplingissuesit is possi-
ble to accuratelyandefficiently computethis integral with a
numberof samplescloseto the space-bandwidtproductof
f(x) [18].

It is alsointerestingto note that wavelet structuresand
their applicationsto diffraction problems[19] provide rich
signalprocessingoolsfor approachingndefficiently solv-
ing problemsof a natureoutlinedabove.

5. CONCLUSION

The diffractionin general,andthe associatedssuesrelated
to holographic3DTV in particularnaturallyhave acloselink

with varioussignal processingopics. The classicallinear
shift invariant systemstructurefor the diffraction between
two parallelplaneshasbeenwell known andutilized. How-

ever, applicationof signalsandsystemsapproacheto other
issueslike the 3D volume diffraction patterns,diffraction
patternbetweenarbitrarytilted planesarerathernen. The
naturallink betweerthefractionalFouriertransformandthe
interestingesultsassociatewith thesamplingof thediffrac-
tion field arepromisingfor furtherinterestingapplications.
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