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ABSTRACT where FV stands for the filtered variation and it is definecb#ews:
Wg propose a new framework, callgd Flltergd \{arlatlon (Foh de- FV,(x) = HHDXHP p=1,2 (4)
noising and sparse signal processing applications. Thedseps
are inherently ill-posed. Hence, we provide regularizatio over-
come this challenge by using discrete time filters that amelyi
used in signal processing. We mathematically define the ©Y-pr
lem, and solve it using alternating projections in spaceteargsform
domains. We provide a globally convergent algorithm basethe

whereX, D andH represent the signal, the signal transform (e.g.,
DCT, DHT, DFT) and the discrete-time filter in the transforio+ d
main, respectively ang denotes whick,,-norm is used. In (3) and
(4) the norm can be selected@asor ¢> norms, which correspond to
anisotropic and isotropic FV, respectively.

projections onto convex sets approach. We apply to our ihgor In our approach, denoising is achieved by minimizing theénhig
to real denoising problems and compare it with the totalaiamh  frequency energy of the observations, subject to the cainsigiven
recovery. in (3). In (2)-(4) we posed the problem in frequency domaicetse
Index Terms— Filtered variation, total variation, regularization, for any given fixed transform, noise is typically in cohereiith the
projection onto convex sets transform, therefore it is spread out. By means of a properifilg

operation in the transform domain, one can exploit this taetffec-
1. INTRODUCTION tively denoise the signal. Besides, it is possible to sdheepgroblem

We introduce a new framework called Filtered Variation (F9f) completely in time (or space) domain as well.

denoising, compressive sensing (CS) and sparse signagsiog

applications. In this article, we use denoising as a runexample

to highlight the salient features of our approach. We firsk khe

discrete time filtering with the optimization through the feme- . : .
work. We then solve the denoising problem using the prop&aéd t_o the methodqlqu descrlbe_d in [9, 10, 11]. Since the FV tmml:
.tion is convex it is also possible to solve FV based problesisgu

approach.In many denoising problems, we have access tosg noi . i . . .
PP Y gp i convex programming. We provide a solution using the Priaast

In article we solve this regularized signal denoising peatbby
applying several different time (space) and frequency doroan-
straints on filtered versions of the signal This approach is similar

versiony = [y1, ..., y»] of the original signak = [z ...z5] that h
can be represented as follows: onto Convex Sets (POCS) method. The fol.lowmg FV based con-
straints correspond to a class of convex sets:
y=x+u @
whereu is the noise. CP = FVp(x) = {HHDXHp < 5}7 p=1,2andi=1,..., M.
Total Variation (TV) based solutions are quite popular fer d )

noising applications [1]-[8]. In discrete TV functionahe differ-
ence between neighboring samples are computed ané ¢ine’-

norm of the difference vector is minimized. Hence, the TV moelt
inherently assumes that the signal (or image) is low-paggsand
tries to minimize the high-pass energy. In signal procegsire have

wherep = 1,2 corresponds td; and/,-norms respectively. Other
closed and convex sets, described in Section 3 can be alsséadp
on the desired signat. The solution of the denoising problem is
assumed to lie in the intersection df different constraint sets as

follows:
decades of experience on high-pass filter design. Therefwstead W M
of computing the difference between the samples we can fiieer xe(C = ﬂ Cs, (6)
signal using an appropriate high-pass filter and minimize/thor i=1

£ energy of the output. Furthermore, inimage and video psitgs  \here the constraint set6’;) are defined by the convex constraints
itis possible to use diagonal and other directional higbsgtersin =~ g9 given at (5). Therefore, it is possible to reconstructdtigi-

image denoising applications. o _ nal signal by performing successive orthogonal projestiomto the
In FV based denoising, our goal is to find a solution to the fol-¢josed and convex se [12, 13]. The POCS based iterative algo-
lowing optimization problem: rithm consists of making successive operations in timefacs) and
. transform domains, and it converges to a solution in thesetion
min FV,(x) 2)

of constraint set§’;.

st || Lx —y| <6 3 . . . . . . .
1x =yl < ®) Extension to 2-D or higher dimensional signals is straightf
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2. FILTERED VARIATION BASED REGULARIZATION

In this section, we first review the TV approach and motivatedr
sparse signal recovery by using a high-pass filtering exampl

TV functional was first introduced to signal and image prsees
ing problems by Rudin, Osher and Fatemi in 1990’s [1]-[8]r Bo
1-D signalx of length N, the discretized TV functional &f is de-
fined as,

N
TV(x) =Y /(2] —z[n + 1)) @)
n=1
where a discrete-gradient of the signal is the key compooktite
TV functional.
We note that the discrete gradient operatipn] = x[n] —z[n+
1] in Equation (7) is a rough high-pass filtered versioxoThis fil-
ter is the high-pass filter used in Haar wavelet transforneréfore,
the relation between the signatsandv can be represented via con-
volution denoted by the operateras follows:
v[n] = h[n] x z[n]

®)

whereh[n] = {—1,1} is the impulse response of Haar high-pass

filter. In the DFT domain the same relationship can be reptese
by a multiplication operation as follows:
Vikl = HIk]X[k], k=1,2,..,N. 9)

In 9, X[k], H[k], V[k] are theN-point DFT of the desired signal
z[n], high-pass filteh[n] and the outpub[n], respectively. The TV
cost function is equivalent to filtering the signal with a iHaagh-
pass filter and computing thie or ¢ energy of the filtered output
signal corresponding to anisotropic or isotropic casespeetively.

The Haar filter has an ideal normalized angular cut-off feeopy
of 5. Itis possible to apply other high-pass filters and compluge t
output energy or it is possible to use the Parseval’s relatia other
Fourier domain relations to impose sparsity conditionsherdesired
signal. It is well-known [14] that:

IS lelalle = /37 S IVIME < max [VIE] < 3 Jofnl] -

(10)

In Section 3, based on the above relations, we define both tim

(space) and frequency domain FV constraints, which cooraspo
closed and convex sets for the CS problem.

It is also possible to define constraint sets on other tramsfo
domain representations, such as wavelets, but we focus drebDé
DCT domain in this article. The filtered output in transforontain
V|k] = H[k]X[k] is basically specified by the filté, which can
be selected according to a given bandwidth specified by tee us
In 2-D or higher dimensions, one is not restricted to horiabor
vertical high-pass filters. It is also possible to use dioget high-
pass filters.

3. FILTERED VARIATION ALGORITHM AND
TRANSFORM DOMAIN CONSTRAINTS

In this section, we list six closed and convex constraings$ ¢an be
used for image denoising. Each constraint qualifies diffepeop-
erties of the estimated signal such &s;or ¢» energy of the high
frequency band of the signal, local variations in the sigtied mean
of the signal and the bit depth of the image. As in [3], all tha-c
straints can be used at the same time, or any combinatioreséth
can be used together depending on the nature of the signah{or
age) and the noise type.

Constraint-I - /1 FV Bound: The first constraint is based on
N-1
a—{xzzyﬂmxmhxl (11)

the/, energy of high frequency coefficients:
k=0 }

It is possible to perform orthogonal projections onto thasia Dis-
crete Time domain as described in [9]. Since, the DFT is a ¢exnp
transform, it is easier to work with a real transform such &Tor
DHT. In this case the boundary hyperplanes of the regionitpec
by the constraint set are real. The projection operatiosss®tially
equivalent to making orthogonal projections onto hyperetaform-
ing the boundary, and it is similar to projection ontofarball but it
is on the transform domain and only high-frequency coefiitsi@re
updated. Since we perform projections ontofarball type region,
the solution that we obtain turns out to be sparse.

Constraint-l1l - Time and Space Domain Local Variational
Bounds: The second constraint is based on the change in intensity
between the consecutive samples of a signal (pixels of thgém In
real-life, there is strong correlations between the saswpileiscrete-
time signals (or images), and there is very little correlatbetween
different parts of the signals (or images). Therefore, jdssible to
remove the summation operator in TV or FV and consider region
TV or FV constraints on the signal. This leads to a high-pass c
straint set for each sample of the signal (or pixel of the ie)ag

Cap = { Z hlilzn —i]| < P}7

i=—1

whereh[i] is a high-pass filter with support leng# + 1 and P is

a user defined bound. Projection onto hypersiabs do not corre-
spond to low-pass filtering, because projections are dafignton-

linear operations. If the current iterate does not satiséyltound, it
is projected onto the hyperslab given in (12).

In practice, we cannot select a small bound value, unlessowe d
not have a clear idea about the low-pass nature of the sigrsd.
local FV constraint is especially useful to remove impldsivise.

In image processing experiments we selected a very largebou
= 128) for the high-pass filteh = {=*, 3, 5} to avoid dis-
torting the edges of the desired image. When there is an sapul

within the analysis window of the filter, the filter output Wle high
and the samples within that window are modified by the praact
For example, the€’; ,, family of sets turn out to be useful for Lapla-
cian noise. In image processing examples that we studidainext
section, it is also possible to apply filters in vertical andgdnal
directions depending of the nature of the original image.

Constraint-lll - Bound on High Frequency Energy: The fol-
lowing anisotropic constraint on high-frequency energthefsignal
x is a closed and convex set:

(12)

N—ko
Csq =< x: Z |X[k]|2 < €34
k=ko

(13)

wheree is an upper bound. This corresponds to filtering the signal
x with a high-pass filter whose cut-off frequency indexisin the
DFT domain:

0,

HM:{L

where N is the size of the DFT. Although this filter suffers from
the Gibbs phenomenon in time-domain, it is possible to use it

for k<koork > N — ko

for ko <k <N —ko (14)



denoising problems. The indéx is equal to% for the normalized
angular cut-off frequency o, butany0 < ko < £ can be selected level will
for a desired smoothness level. The set given in Eq. (13) dsaex
set and it is easy to perform orthogonal projections onte $ait.
Let so[n] be an arbitrary signal anély[k] be its DFT.S,[k] of the
projectionsy, [n] is given by

re 1s insuflf

| ¢ should dec

= Solk] it SRERSo[k]P > €, ko<k<N — ko

Splk]= (15) i

Solk], otherwise be made in
wherey "1 0|5, [K]|* = .

We can also use a DCT domain high-pass energy constraint a

the desired signal using the following set

N—-1
Cap, = {X : Z (XDCT[kDZ < €3b} , (16)
k=kg
e K. !;" B 4 . LR

which is also a convex set. In (16X pcr represents the DCT of the G S0l 1""!' {1!’:. -
signalx. It is straightforward to make orthogonal projections onto
the DCT domain sef’s;, as in Equation (15).

Constraint-1V - User Designed High-pass Filterin this case,
we do not assume a specific cut-off frequency but use the drexyu
response of a given high-pass filter:

e Sy
be made id

Cy= {x: i |H[K])X[K])? < a;}. (17)

k=0

The setC} is also a closed and convex set. Orthogonal projection
onto this set is not as easy as Condition-I, because the aetised
ellipsoid. It can be implemented using numerical methot!s, 16].

Constraint-V - The Mean Constraint: The fifth constraint is : _
actually proposed in [3]. It is based on the mean of the oaigsig- 30 ]TI.'J:;_'IE-._ 1R 3
nal. Typically this information can be estimated from a pofosim-
ilar types of images (e.g. satellite images, images of haritiRg,
faces etc.) A constraint based on the mean information catebe
fined as follows:

N Fig. 1. (a) Original image. (b) noisy image. (€) denoising with
Cs—dx- z[n] _ (18) bounded total variation and additional constraints [3§(Fi5 from
7 4= N fe [3]) (p=1.1). (d)¢* denoising without the total variation constraint

where N is the number of the pixels in the image ands the mean 3] (Fig. 16 from [3]). (e) Denoised image using the FV method
of the original image. usingCs, Cy andCs.
Constraint-VI : Image bit-depth constraint In general, the

users know the color (bit) depth of the original image. Dug¢hie

fact, it is possible to define a constraint on the bit depthhef t Py our algorithm (Fig.1-(e)) are visually sharper compae#ig.1-
reconstructed image as follows: (c) and the impulsive noise is significantly reduced comgaoe/4

T M denoising.
. 0<afij] S @ D . . (19) The progress of the decrease in Normalized Root Mean Square
Where.M is th.e number. of.the bit planes uged in the original repreg . or (NRMSE), which is defined az — .,||/||z.|| in [3], is
sentation. This constraint is also proposed in [3]. shown in Fig. 2. Our algorithm converges to an NRMSE level of
-9 dB in 10-to-12 iterations. On the other hand the time-doma/
4. EXPERIMENTAL RESULTS algorithm takes around 100 iterations to converge as shovig.
We first present a denoising example from [3]. Combettes @sd P 18 in [3]
quet used the image shown in Fig.1-(a) in [3], to test theirbBged We also performed an experiment about estimatingnd ¢
denoising algorithm. They added i.i.d. Laplacian noisehtdrig-  high-frequency energy bounds andes, respectively. In this exper-
inal 128x128 grayscale image. The signal-to-noise ratiB. To  iment, we try to estimate these bounds from the noisy imagenBs
compare the FV algorithm to the TV denoising, we cropped ti;e 0 are selected as 80% 6f (c1.), 60% of /1 (1) and 80% of the/s
inal image (Fig. 1-(a)) from their paper and added Laplaciaise  (e3,) energies of the noisy image, respectively, corresponds to
to the image. In [3] the pixel range was [-261,460]. In ourecti®®  the ¢; energy of the original image. Experimental results indicat
pixel range turns out to be [-391,511]. that estimating: andes are possible from flat portions of the image
As shown in Fig. 1 the characters in the image that are reedver and the FV algorithm is not sensitive to the ande; values. As
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signal exists, it is possible to design high-pass filteroeding to

the signal and incorporate it to the FV framework.

0 5

Fig.

10 15 20 .25
Number of iterations

2. NRMSE vs. iteration curves for FV denoising the image

shown in Fig. 1.1, andes, correspond to thé; and /> energy
of the original image. Bounds are selectad = 0.8z1,, €1p =
0.6¢10, andf;‘ga = 0.8¢e30

shown in Fig. 2, in all cases restored images are very closadh
other. Convergence graphs closely overlap with each othgh@wn
in Fig.1

Fig.

)

3. (a) Original fingerprint image, (b) fingerprint image with 1

db AWGN. (c) Image Restored by TV constraint ( SNR=7.45dB).

(d) Image restored by the proposed algorithm ugihg Cy andCs

(SNR=12.75 dB)

We also conduct an experiment with an image of a fingerprint
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